Interest in microbubbles as agents for therapeutic and quantitative imaging applications in biomedical ultrasound has increased the need for their accurate modelling. However, effects such as gas diffusion, the properties of the shell and changes in bubble behaviour under repeated exposure to ultrasound pulses are still not well understood. A revised equation for microbubble motion is proposed that includes the effects of gas diffusion as well as a nonlinear surface tension which depends on a non-constant surfactant surface concentration. This is incorporated into a nonlinear wave propagation model to account for these additional time-dependent effects in the response of microbubble contrast agent populations. The results from the model indicates significant changes in both bubble behaviour and the propagated pulse compared with those predicted by existing propagation models; and show better agreement with experimental data. Our analysis indicates that changes in bubble dynamics are dominated both by surfactant shedding on ultrasonic timescales and gas diffusion over longer timescales between pulses. Therefore, incorporating such time-dependent phenomena in ultrasound imaging algorithms should lead to better quantitative agreement with experiments.
INTRODUCTION Background
Ultrasound contrast agents in the form of a suspension of microbubbles stabilized by a surfactant or polymer coating have been in clinical use for several decades. Their applications include assessment of cardiac function and arterial disease in cardiology [1, 2] , characterisation of tumour vascularity [3] and of circulation in the brain in the assessment of stroke patients [4] . More recently their potential for quantitative imaging has received increasing attention as they offer a means of non-invasively determining tissue perfusion in real time with considerable advantages in terms of convenience, cost and patient safety [5] . There are, however, a number of challenges to be addressed in realizing this potential. In particular, accurate quantification requires the relationship between image intensity and microbubble concentration to be fully characterized; and whilst there is clearly a correlation between these two quantities, it is by no means direct [5] . This study is concerned with two phenomena which significantly influence that relationship, namely the variability in the response of individual bubbles over time and the interaction between bubbles as ultrasound propagates through the suspension.
It is well known that the response of an individual bubble to ultrasound excitation is strongly dependent upon its size relative to the frequency of the incident wave and that the presence and nature of any coating on the bubble can also can have an important effect [6, 7, 8] . Recent studies have shown that the bubble size and coating properties may vary both over very short timescales corresponding to a few or even a single ultrasound pulse [9, 10] as well as more gradually, i.e. over the course of a few minutes [11] . These changes may be due to changes in local temperature and pressure, diffusion of gas across the bubble surface, adsorption and desorption of material from the bubble surface, or more rapid surfactant shedding processes [12] .
Changes in a bubble's size will alter its resonance response and hence the amplitude of the scattered ultrasound field. Changes in the coating moreover will affect not only the amplitude, but also the non-linear character of the bubble's response [10] . Both of these effects can significantly alter the amplitude and frequency content of the signal produced by a population without there being any change in bubble concentration. This is especially problematic where the nonlinear content of the scattered signal is utilized for improved contrast enhancement [13] . In addition, contrast agent microbubbles are normally injected in bolus form with a concentration of approximately 10 9 bubbles/ml [14] . Whilst clearly the bolus will become significantly diluted during its passage through the circulation, there will nevertheless be interactions between microbubbles which may further influence the received signal. This has been shown previously to lead to artefacts in ultrasound images [15] .
Understanding these phenomena and providing an accurate theoretical description is important for the development of more effective algorithms for quantitative imaging. These effects are also important in other applications of microbubbles, for example their use as vehicles for therapeutic application such as drug and gene delivery which also has become a very active area of research [16] . Knowledge of the concentration of e.g. drug loaded microbubbles in a given tissue volume is important for ensuring delivery of the appropriate dose. Similarly, if the response of a microbubble changes over time then the ultrasound parameters required to achieve delivery may also vary, whilst phenomena such as lipid shedding may be important in avoiding premature release of therapeutic material. 
Objectives
The aims of this study were: to develop a theoretical model to describe the time dependent response of a surfactant-coated microbubble to ultrasound excitation, including gas exchange, surfactant ad/desorption and shedding; to use the model to examine the behaviour of individual microbubbles; and then to couple the new model to an equation describing propagation through a bubble suspension.
NONLINEAR PROPAGATION MODEL
The nonlinear propagation equation derived by [17, 18] governing an ultrasonic pressure wave p(x, t) (varying in space x and time t) travelling in a medium of density ρ 0 with wavespeed c 0 containing a suspension of bubbles of size (radius) distribution n(R 0 ), can be written as follows
The radius of coated microbubbles in the distribution R(t; x, R 0 ) containing a gas at pressure P b can be found by simultaneously solving a Rayleigh-Plesset type equation of the form [19, 20] ,
given the viscosity of the external fluid μ 0 , ambient and vapour pressures p 0 , p v , a polytropic gas constant γ, shell viscosity κ s , and a surface tension σ dependent on surface surfactant concentration Γ.
The coupled system (1) and (2) has been utilised under various guises in a number of previous works [21, 22] , usually with the assumption that the principal characteristics of the bubble population including size distribution n(R 0 ), mass of surfactant m s = 4πR 2 Γ and mass of gas within the bubble m g remain constant for any solution. In order to provide better correlation to the results of recent experiments [9, 10] and following theoretical studies [12] mentioned in the introduction, a modified nonlinear propagation model is presented here that allows bubble characteristics to change over two time scales: (i) a fast-time scale corresponding to the ultrasound frequency and (ii) a slower time scale representative of the interval between pulses (the pulse repetition frequency). The modified governing equations indicate that shedding of surfactant over the fast-time scale forces significant changes in the bubble's behaviour during a pulse. These changes, in turn, provoke spatial and temporal changes to the surfactant concentraion Γ, the mass of gas within the bubbles and the actual bubble population distribution n(R 0 ) over a slower time-scale due to diffusive and adsorption processes.
Surfactant Diffusion and Shedding
The behaviour and diffusivity of the surfactant on the bubble surface is as proposed in [12] based on the collapsing film model of [23] . Firstly, the surfactant surface concentration on the microbubble Γ(t) is assumed to be governed by Langmuir adsorption at concentrations close to equilibrium. There exists a maximum surface concentration Γ * that can be approached either by increasing the bulk ambient surfactant concentration C s ∞ towards the saturation concentration C s sat or, alternatively, in the limit of a negligible 
rate of desorption. For Γ Γ * , the surfactant is assumed to become insoluble on the bubble surface. Moreover, it is assumed that there exists a maximum concentration Γ max that the bubble surface can support. Once this concentration is attained, the surfactant film "collapses" and excess material is ejected from the bubble surface. Consequently, for Langmuir absorption and desorption rate coefficients a 1 and a 2 the change in mass of surfactant on the bubble surface can be written,
where C s (R, t) is the concentration of surfactant in the external fluid in contact with the bubble surface. Equation (3) can now be used to obtain the value of the initial equilibrium surface concentration,
. Values for Γ * and the maximum surface concentration Γ max are as defined in [12] .
Given the time-evolution of Γ(t), our model is further extended by including a surface tension dependent on the surfactant concentration at the bubble surface. For our modelling purposes, we adopt a smoothed version of the function used by Marmottant et al. [19] in the following form:
where the values chosen here for σ 0 and σ min are those used previously in [12] ; these values along with the fitting coefficients Q, U , W and Y are supplied in Table 1 .
NUMERICAL MODEL
A full computational model of the propagation of a series of ultrasound pulses through a bubble population with gas diffusion and lipid shedding would require solving the wave equation in (1) coupled to a Rayleigh-Plesset type equation (2) for each bubble distribution size (at every spatial step and time step), as well as computing diffusion equations for any internal gases and the surfactant and their impact on the bubble motion through changes in internal bubble pressure, surface tension and surface diffusivity. Clearly, such a numerical problem is computationally intractable at present. However, from the nondimensionalisation and scaling arguments presented in [12] possible to conclude that the accurate physics of the diffusion processes for gas and surfactant, following surfactant shedding, can be captured in our model without the need to explicitly compute the diffusion equations. Indeed, one particular approximation is possible if the pulse interval timescale PI lies asymptotically in the range
where Pe and Pe s are the Péclet numbers for the internal gas diffusion and surfactant diffusion respectively. In this case the following procedure can be adopted:
(i) Start before the arrival of a pulse with a bubble of equilibrium size R 0 and with mass m s of surfactant and mass m g of gas.
(ii) During the pulse, gas and surfactant diffusion are ignored. The total amount of surfactant shed is obtained by integrating (3) whenever Γ = Γ max during the pulse.
(iii) During the interval between pulses, readsorption of surfactant is negligible but a significant amount of gas diffuses out, shrinking the bubble until the the surfactant concentration rises back to Γ eq . As Γ → Γ eq a significantly lower diffusivity across the bubble surface is attained as described in [12] stabilising the bubble. (v) The remaining mass of gas m new g can be also be obtained from the ideal gas equation and the internal gas pressure determined from the force balance across the bubble surface.
(vi) The procedure is repeated for the next pulse.
In the results below, one-dimensional ultrasound propagation through a bubble suspension with a discrete finite distribution of equilibrium bubble sizes n k (R 0 ) is computed using an explicit finite difference scheme for (1) and a 4th-order Runge Kutta method for the bubble behaviour (2) as in [21] . The surfactant concentration for each bubble type is determined by integrating (3) when Γ = Γ max . The consequent rapid changes in surface tension governed by (4) due to the change in Γ resulting from bubble oscillation and surfactant shedding is additionally incorporated into the integration of equation (2) during the pulse. The procedure above is then used to determine the evolution of bubble size distribution between pulses. Parameter values used throughout the simulations presented are supplied in Table 1 .
BUBBLE POPULATION RESULTS
Simulations of different numbers of 8-cycle Gaussian-enveloped sinusoids propagating through a SonoVue R suspension of different concentrations for a distance of 2cm were carried out at pressure amplitudes of 50, 100, 150 and 200 kPa for an incident frequency of 2.25 MHz. The time-interval between the pulses is assumed to lie within the range (5) in order that the approximation outlined in the previous section is valid. The size distribution here has been obtained from an experiment where optical microscopy was used to image and count a stock solution of the contrast agent as described in [11] . The measured size distribution is discretised into N = 40 radius bins represented by discrete number densities n k for k = 1, . . . , 40 for each bubble size type. Between pulses, the equilbrium bubble size R 0 (k) (x) and internal mass of gas m g (k) for each bubble type The evolution of the microbubble distribution after six repeated eight-cycle pulses at an incident frequency of 2.25 MHz is plotted in figure 1 . At the lowest incident pressure amplitude of 50 kPa, the size distribution remains largely unchanged, as shown in figure  1(a) . Increasing the incident pressure amplitude to 100 kPa, however, does lead to alterations in the size distribution. The most notable change in figure 1(b) is a decrease in the proportion of bubbles with radii around 2μm, which approximately corresponds to the resonant bubble size at this frequency, as calculated using a similar method to that of [7, 6] . Moreover, there has been an increase in the proportion of bubbles with radii equal to 1.25μm. This behaviour suggests that at this smaller, stable size, the microbubbles are far enough away from resonance that their oscillations are sufficiently small for no surfactant shedding to occur. Figures 1(c) and 1(d) demonstrate that this behaviour becomes more pronounced at higher pressures of amplitude 150 and 200 kPa, where bubbles near resonance must shrink significantly more in order to become sufficiently far from the resonance size such that further surfactant shedding no longer occurs. Notice that for the 150 and 200 kPa amplitude cases almost the entire bubble population becomes concentrated in a range of radii below 1μm and 0.75μm respectively. Bubbles that are much smaller or larger than the resonant size do not shrink despite repeated insonations since their oscillations are not large enough to cause shedding. At all pressure amplitudes above 50 kPa the bubble size distribution stabilises after six pulses.
Aside from the evolution of the bubble size distribution, the fundamental and harmonic content of the simulated propagated pulses was also extracted using a fast Fourier transform implemented in Matlab before finding the peaks in the signal. The attenuation a(ω) of the signal over a propagation distance d (here d = 2 cm) is calculated using the incident and propagated signals P inc (ω) and P (ω) respectively as follows,
The evolution of the fundamental and second harmonics over six pulses is presented for varying pressure amplitudes in figure 2. We note that the computed attenuation values for the lower pressure amplitude case of approximately 5dB/cm is consistent with linear theory [6] as one would expect. Repeated insonation of the population, however, causes a reduction in the calculated attenuation of the fundamental component of the propagated signal, except at the lowest incident pressure where there is little change. On the other hand, a nonlinear relationship between pulse number and attenuation of the second harmonic in the signal is visible in the right-hand plot of figure 2. For instance at 200 kPa, there is a decrease in the second harmonic between the first and second pulses but an increase between the second and third pulses. Such behaviour emphasises the importance of the changes in the contrast agent population size distribution during repeated insonation and the effect that this can have on the characteristics of the bubbly medium. At pressures higher than 50 kPa, the harmonic content appears to be stabilising suggesting that the bubble population has also begun to stabilise and negligible surfactant shedding would be expected in further response to pulses.
DISCUSSION AND CONCLUSIONS
In this study the effect of changes in the bubble size distribution and coating properties on the propagation of ultrasound through a bubble suspension was investigated. Both the amplitude and frequency content of a pulse were found to undergo
